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ABSTRACT

The energy of graph was presented by Gutman [2] as the amount of the absolute values of the eigenvalues of the
adjacency matrix of the given graph T'. In this paper we find square sum degree divided by diameter matrix of
complement graphs and also find their energy.
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1. INTRODUCTION

Let G be a simple graph with p vertices and let A be its contiguousness lat-tice. The characteristic polynomial of
G is characterized a w(G, x) = det(xI — A),,where 1 is the identity lattice of size p. The eigenvalues of G (for
example the eigenvalues of A) are the roots 41, 42, 43, ..., 4, of w(G, x),all of which are real. The energy of G is
defined to be The multiplicity of an eigenvalue A of G is the order of A as a root of (G, x).The spectrum of G is
the array

A1 oA,
ny Ny ... Ny )

where 44,45, 43,..., 4, are the distinct eigenvalues of G and n; is the multiplicity of ;(i = 1,2,...,p) . It is
easy to see that ny +n, +...+n, On the other hand, because tr(A) = 0, we have n1A1 + n2A2 +...npAp =
0

It is well-known that if G is a k-regular graph, then k is an eigenvalue of G with multiplicity ¢, where c is the
number of connected components of G, and that the absolute value of each eigenvalue of G is less than or equal
tok

The energy of a graph G, denoted by E(QG), is defined as the sum of the absolute values of the eigenvalues of G.
that is

n

E(G) =) |\l

1i=1
This concept was introduced by Gutman in 1978. The energy of a graph is a quantity closely related to the Huckel
molecular orbital total I1- electron energy [3]. For more about the energy of graph refer [4], [5], [6], [7], [8], [9],
[10], [11], [12].

2. Square sum degree divided by diameter ma-trix and its complement energy

Let G =(V, E) be a connected simple graph with |V | = p vertices and |[E| = m edges and let di denote the degree
ofthe vertex vi, fori = 1,2,..... ,p. For ver-tices vi,,vj € V (G),the distance d(vi, vj)is defined as the length
of a shortest path between v; and v; in G . The eccentricity of a vertex is the maximum distance from it to any
other vertex, &; = maxvj ¢V (G)d(vi, V).

The diameter of a graph diam(G) is the maximum eccentricity of any vertex in the graph, or the greatest distance
between any pair of vertices.

Let d;, d; be the degrees of the vertices v;, v; respectively for all i,j = 1,2,3,...,p of the complement graph G
then the square sum degree by di-ameter matrix of of the complement graph is defined as

di+d?
= diam(G)
0 otherwise

, if there is a path between v; and v;
& fij
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The square sum degree divided by diameter matrix is a symmetric matrix with eigen values asyl > 2 >
Y3 =...= Pp The characteristic polynomial of diam SSD (G) is given by det |1,bI S (G)| The square

sum degree divided by diameter energy of the complement graph G is defined as sum of absolute valuesof {i,i =
1,2,..,p

D
o e me |

dia -m

3. Properties of square sum degree divided by diameter energy of complement graphs
Theorem 3.1. If eigen values of% (&) areypl +> P2+ >---> yYr, then

P
1. Zﬁ'}i =0 and
i=1
d? + u"2 2
2 T} =920
Zt Z (dmm(@))

=1

d? + d; 2
where ® = E
diam(G) m(G)
Proof. (1) Since the diagonal entries are zero the sum of leading diagonal entries of % (G) is zero .

P
Hence E ; = 0.
i=1

(2) The sum of squares of latent roots of 35D (G)is the sum of latent roots of [ 35D (5)]
diam diam

P P
Z 2= s

i=1 j=1

_0+2§:wu

<]

- . 9

5 (28)
— \diam(G)

= 20.

Theorem 3.2. If ¢y, c; and c, are the first three coefficients of characteristic polynomial of % (G) matrix, then
l.cy = 1,

2.c, = Oand

3.¢c; = —@.

Proof. (i)By definition, I'(}, x) = det[yY] — @]

Therefore ¢, = 1.

(i)e; = (=11 X trace(I') = =1 x 0 = 0.

(iii) By definition c, =
Wi Uiq
E ‘ " U‘ = E (aii?-'f-jj U -’».T?".T-’»)
—uji gl —
1<i<j<p 1<i<j<p
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= UgiUg5 — (J.?- =0—-Dd=—-0 .
2 > q

1<i< j<p 1<i<j<p

We have the following bounds for % (G)using McClelland’s inequalities.

S5D 7
Theorem 3.3. Let G be a complement graph with p vertices, then the upper bound for diam (G) is

5 [SSD @] < VoS

diam

S5D (a)
Proof. Let w1 >y2 >- - - > yp be the eigen values of diam
Cauchy-Schwarz inequality we have,

P 2 P P
E wu;; | < E u? E 1-'1-2

Choose ui =1, vi = yi and by Theorem 3.1

P 2 P P 5 P )
Sl < || [SSler| =3 er
1i=1 1i=1 1i=1

"then by Using

i=1

SSDY 17

K . ) E(G)] < p2o.
diam

Hence
SSD —

E < +\/2pD.

Liiam(c)] =Vep
We present the following lower bounds for E % (&)

T = |det%(§)| of G,

Theorem 3.4. Let G be a graph with p vertices. If then the lower bound is

E FSD(G)] > \/24;' +p(p—1)7r5.

diam
Proof. By definition we have,

SSD _—\1? P 2 P P
{E (diam(G))] - ;lhl = ;l’hl };|tj|
- 2
=D [wl + 2l
i=1

i#]

From the inequality of arthimetic and geometric means
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1
plp=1)

1 L L
mzmnﬁﬂ > [T |l |5

17 i#]
Therefore
1
SSD ? - 12 . . plp=1)
{E (diam(G))] = ; |T*""'i| +p(p—1) g |'t.e'.-'1-||'t.:',-'j|
_1
p ) P 2(p—1) plp=1)
> [l + o= 1) (] ] |
=1 i=1
P , ; 2
=D [ + e -1) | ] v
=1 i=1
=20 + p(p — 1)75.
Hence <<
I8l 2
£ [diam(G))] > \/2@ + p(p —1)r>.

Theorem 3.5. Let r;ands;, 1 < i < p be positive real numbers with M; = maxy<i<p(1), My =
maxgp < i< p}(Si), My = Ming<i<py(1i), My = Ming << ny(s;) then by theorem 90 of [12]

2 2
p P mn
Z 9 Z 9 1 J,nm-rl Jnt"jrz myima Z
i—1 i1 e 1V Mg i1

Theorem 3.6. For a graph G with p vertices let [1;] and [, | are the maximum and minimum eigen values

among all [i|’s of % (G)respectively, then we have

E [SS—D(@)] >

8p®[ vy |||
U] + | Vp

diam

Proof. Consider a graph G with p vertices let |, | and |,| are the maximum and minimum eigen values among
11 |; I's of 2 (G) tivel

all |Y; |'s o Ziam (G)respectively.

From theorem 3.5,

2
p P . . p
9 9 1 Jntffl Jntffz myima -
i—1 i1 e 1V Mg i1

Letry = 1,5 = |{; |, MiM, = [¢; |, mym, = |¢p] then
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2
P P P 2

Sy urs /I et S

i=1 =1 |40 ] [ i=1

From theorem 3.1

N2 2
2o < & |l W) [E (S.SD(E))] /

4 |1 |2, diam
SSD —\1" _ 8p®ltrllt:]
[E (diam (G))] Z o N2
SSD —
—_— >
E [diam (G)] - Dol

Theorem 3.7. Let r; and s;,1 < i < p be non negative real numbers withM; = maxg<i<py(), M, =
Maxg << py(Si), My = Mingci<py(1), My = Mming < i< 3(s;) then by theorem 3.1 of
2
2

P P

§ 2
-*,,22 st — E TS E—(ﬁflﬁfg mims)

=1 i=1 i=

Theorem 3.8. For a graph G with p vertices, we have

SSD —
E [dimn (G)] = \/ Il

Proof. Consider a graph G with p vertices let |1, | and |,| are the maximum and minimum eigen values among
all [;]’s of % (G) respectively. From theorem 3.7,

f 2
- |T|""'p|)

P P P 2 P2
. ; 2
E :rzz E ,‘312 - E risi| < i (M My — myms)
Let ; = Ls; = ||, My My =[3p; |, mym, = |, |, then

P » P 2 pg 5
> 12> Wi — [2 1|u:-1|] = 7 Ul —1ve])

i=1 i=1 i=1
From theorem 3.1

p2® — [E 55D *))] <—(|m|—|nn|:-

dicirmn

S5 — j
B[220 @) = \/200 — 2 (vl = 1,

Theorem 3.9. Let; and s5;,1 < i < p be positive real numbers, then by [13]
P P P
p E ris; — E i E sil < pu(p)(A—a)(B-1)

Where a, b A and B are real constants that foreach i,1 < i < 5 <ai < A

p(p) = pl2] (1= 512

and b < bi < B.Further,
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Theorem 3.10. For a graph G with p vertices, we have
SSD
E [

diam

@] 2 V2 = o) (] = 1 °

Proof. Consider a graph G with p vertices let [11| and |p| are the maximum and minimum eigen values among
) SSD = _

all [1;|'s of ——(G) respectively.

From theorem 3.9,

P P P
|pz ris; — Z T; Z sil < p(p)(A—a)(B —=0).
i=1 i=1 =1

Let r; = s; = ||, A = B = |i1],a = b= |1, then

P
)1l -
i=1

From theorem 3.1

20 — {E ( 55D (@))] < 1) (W] = [ ))?

diam

; 2
> I'f.c"a] | < pup) (a] = [8l) ([91] = 1¢51) -
i=1

diam

B [SSD @] > /208 — u(p) (9] = 161)°

4. Square sum degree divided by diameter ma-trix of some complement graphs and its en-ergy.

Theorem 4.1. Let Cp, p >4 be the complement of cycle ,then

E {SSD

p o (Ep)] =p* + 4p* — TTp + 192.

Proof. The complement of cycle Cp has its sum degree divided by diameter matrix as follows,

58D —

M( *‘p) =

0
The characteristic polynomial is,
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[ — (1192 — 92p + 201)] [ + (p? — 6p + 9)]"" " = 0.

SSD @) = 11p* —92p+201 —(p? —6p+9)
diam 7 1 p—1 '
Therefore
SSD — B 9 9
E [m(c‘p)l —‘ 11p* — 92p + 201 ‘ 1+ ‘ (p* —6p+9) ‘ (p—1)

=p* + 4p® — TTp + 192.

Theorem 4.2. Let Sp, p > 3 be the complement of crown graph with 2p ver-tices, then
SSD —o
E [

diam

(3)) ] = 2p° + 22p* — 94p + 120.

Proof. The complement of crown graph Sp with p vertices has its sum degree divided by diameter matrix as
follows,

LA

p- 0 p° ... p

SSD —o 2 .2 2
=" p 0 ... p

diam (Sp ) . )
P p* P 0

Its characteristic polynomial is

[V = (23p* = 94p + 120)] [0 = (—=p*))*~1 =0,

SSD (§0) 23p* - 94p+120 —p?
diam | 2p—1 '

p

Therefore

E(

= 2% 4+ 22p% — Mp + 120.

Theorem 4.3. Let Kp,p be the complement of double star graph with p vertices,

SSD

diam

(?g)) ‘ (23p* — 94p 4 120) ‘ 1+ ‘ (=p%) [2p-1
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Y + o “ a

then E 222 (K, )] =

diam

1 1
( §\/18044;94 — 190992p3 + 818792p2 — 1903920p + 1677396) + ( 5(16;03 — 54p* 4 60p — 22))

Proof. The complement of double star graph K, , with p-vertices has its square
sum degree divided by diameter matrix as follows

[ 5(p=1)?  5(p=1)% 5(p—1)7 2(p—1)* 5(p-1)° 5(p—1)%]
3 3 3 3 3 3
5(p—1)? 8(p=1)  8(p=1) B(p—1)*  8(p—1) 8(p—1)
3 0 3 3 3 3 3
5(p=1)>  8(p—1 0 8(p=1)  5(p=1)2  8(p=1) 8(p—1
3 E 3 3 3 3
SSD 5(p=1)®  8(p=1)  8(p=1) 0 5(p—1)°  8(p—1) 8(p—1)
—(E )= 2@51)2 %(pil)ﬁ‘ 5( 51)2 5(p—1)2 s 5@31)2 5( 31)2
diam """ . =z =P =k 0 3 53
5(p=1)*  8(p=1) 8p=1) 8(p=1) 5(p-1)* 0 8(p—1)
3 3 3 3 3 3
1P Se=D)  8e=D)  Se-) =D se-l)
L 3 3 3 3 3 3 e J

Its characteristic polynomial is

% — (i{mﬁpﬂ — 692p+ 938 + /18044y — 19009257 + R18T92;7 — 1903020p + 1{;773%))

% — (i{lﬂﬁj}g — 692p+ 938 — /TR0HT — 19099257 + SISTOZP® — 1903920p + 1{3773%})
o] o ]

(138p? — 692p + 038 + /18044p* — 100992p? + 81879252 — 1903020p + 1677306

1
3
55D — f—L{lﬂﬁjF — 692p + 938 — /18044p" — 190992p" + 818T92p? — 1903920p + 1677396
diam (Kpp) = | 2 —dp+2

]
gpt—lip+3
3

Therefore E( w{fpp}l} =

i

L(138p7—692p+038+/1504dp* — 1909927 + S18792p? — 1903020p + 1677306

1+ | }(138p2—692p+938—/TS04p" — 190992 + SL8T92p2 — 1903920p + 1677306 ‘

1+ | E=iet | g4 | SElOess | (o — 3)

1 1 ,
- (E\_,.-"lﬁﬂ-l—ljf’ — 190992 + 8187927 — 1903920p + 1{37?39{3) + (E{lﬁp‘“ — 5477 + 60p — 22))
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