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ABSTRACT 

The energy of graph was presented by Gutman [2] as the amount of the absolute values of the eigenvalues of the 

adjacency matrix of the given graph Γ. In this paper we find square sum degree divided by diameter matrix of 

complement graphs and also find their energy. 
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1. INTRODUCTION 

Let G be a simple graph with p vertices and let A be its contiguousness lat-tice. The characteristic polynomial of 

G is characterized a ψ(G, x) = det(xI − A),,where I is the identity lattice of size p. The eigenvalues of G (for 

example the eigenvalues of A) are the roots λ1, λ2, λ3, ..., λp of ψ(G, x),all of which are real. The energy of G is 

defined to be The multiplicity of an eigenvalue λ of G is the order of λ as a root of ψ(G, x).The spectrum of G is 

the array 

 
where 𝜆1, 𝜆2, 𝜆3, . . . , 𝜆𝑝  are the distinct eigenvalues of G and 𝑛𝑖 is the multiplicity of 𝜆𝑖(𝑖 =  1, 2, . . . , 𝑝) . It is 

easy to see that  𝑛1  + 𝑛2 +. . . +𝑛𝑝  On the other hand, because tr(A) = 0, we have 𝑛1𝜆1 +  𝑛2𝜆2 + . . . 𝑛𝑝𝜆𝑝 =

 0 

It is well-known that if G is a k-regular graph, then k is an eigenvalue of G with multiplicity c, where c is the 

number of connected components of G, and that the absolute value of each eigenvalue of G is less than or equal 

to k 

The energy of a graph G, denoted by E(G), is defined as the sum of the absolute values of the eigenvalues of G. 

that is 

 
This concept was introduced by Gutman in 1978. The energy of a graph is a quantity closely related to the Huckel 

molecular orbital total Π- electron energy [3]. For more about the energy of graph refer [4], [5], [6], [7], [8], [9], 

[10], [11], [12]. 

 

2. Square sum degree divided by diameter ma-trix and its complement energy 

Let G = (V, E) be a connected simple graph with |𝑉 |  =  𝑝 vertices and |E| = m edges and let di denote the degree 

of the vertex 𝑣𝑖 , for 𝑖 =  1, 2, . . . . . , 𝑝. For ver-tices 𝑣𝑖 , 𝑣𝑗 ∈  𝑉 (𝐺),the distance 𝑑(𝑣𝑖 , 𝑣𝑗)is defined as the length 

of a shortest path between 𝑣𝑖 and 𝑣𝑗  in G . The eccentricity of a vertex is the maximum distance from it to any 

other vertex, 𝜀𝑖  =  𝑚𝑎𝑥𝑣𝑗 ∈ 𝑉 (𝐺)𝑑(𝑣𝑖 , 𝑣𝑗).   

The diameter of a graph diam(G) is the maximum eccentricity of any vertex in the graph, or the greatest distance 

between any pair of vertices. 

Let 𝑑𝑖 , 𝑑𝑗 be the degrees of the vertices 𝑣𝑖 , 𝑣𝑗 respectively for all 𝑖, 𝑗 =  1, 2, 3, . . . , 𝑝 of the complement graph G 

then the square sum degree by di-ameter matrix of of the complement graph is defined as 
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The square sum degree divided by diameter matrix is a symmetric matrix with eigen values as𝜓1 ≥  𝜓2 ≥

 𝜓3 ≥ . . . ≥  𝜓𝑝 The characteristic polynomial of  diam SSD (G) is given by 𝑑𝑒𝑡 |𝜓𝐼 −  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅)|. The square 

sum degree divided by diameter energy of the complement graph G is defined as sum of absolute values of 𝜁𝑖 , 𝑖 =
 1,2, … , 𝑝   

 
 

3. Properties of square sum degree divided by diameter energy of complement graphs 

Theorem 3.1. If eigen values of 
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅) 𝑎𝑟𝑒 𝜓1 + >  𝜓2 + > · · · >  𝜓𝑟 , then 

 

Proof. (1) Since the diagonal entries are zero the sum of leading diagonal entries of  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅) is zero . 

 

(2) The sum of squares of latent roots of 
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺)is the sum of latent roots of [ 

𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅)]

2

 , 

 

Theorem 3.2. If 𝑐0, 𝑐1 and 𝑐2 are the first three coefficients of characteristic polynomial of  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅) matrix, then 

1. 𝑐0  =  1,  

2. 𝑐1  =  0 and  

3. 𝑐2  =  −𝛷 . 

Proof. (i)By definition, 𝛤(𝜓, 𝑥)  =  𝑑𝑒𝑡[𝜓𝐼 −  𝛷] 
Therefore 𝑐0  =  1. 

(ii)𝑐1  =  (−1)1 ×  𝑡𝑟𝑎𝑐𝑒(𝛤)  =  −1 ×  0 =  0. 
(iii) 𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑐2 = 
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We have the following bounds for  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅)using McClelland’s inequalities. 

 

Theorem 3.3. Let G be a complement graph with p vertices, then the upper bound for  is 

 

Proof. Let ψ1 ≥ ψ2 ≥ · · · ≥ ψp be the eigen values of   then by Using 

Cauchy-Schwarz inequality we have, 

 
Choose ui = 1, vi = ψi  and by Theorem 3.1 

 

We present the following lower bounds for E 
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅) 

Theorem 3.4. Let G be a graph with p vertices. If then the lower bound is 

 
Proof. By definition we have, 

 
From the inequality of arthimetic and geometric means 
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Theorem 3.5. Let 𝑟𝑖  𝑎𝑛𝑑 𝑠𝑖 , 1 ≤  𝑖 ≤  𝑝  be positive real numbers with  𝑀1  =  𝑚𝑎𝑥{1≤ 𝑖≤ 𝑝}(𝑟𝑖) , 𝑀2  =

 𝑚𝑎𝑥{1≤ 𝑖≤ 𝑝}(𝑠𝑖), 𝑚1  =  𝑚𝑖𝑛{1≤ 𝑖≤ 𝑝}(𝑟𝑖), 𝑚2  =  𝑚𝑖𝑛{1≤ 𝑖≤ 𝑛}(𝑠𝑖) then by theorem 90 of [12] 

 
Theorem 3.6. For a graph G with p vertices 𝑙𝑒𝑡 |𝜓1| 𝑎𝑛𝑑 |𝜓𝑝| are the maximum and minimum eigen values 

among all |𝜓𝑖|′s of  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅)respectively, then we have 

 
Proof. Consider a graph G with p vertices let |𝜓1| 𝑎𝑛𝑑 |𝜓𝑝| are the maximum and minimum eigen values among 

all |𝜓𝑖  |’𝑠 of  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅)respectively. 

From theorem 3.5, 

 
𝐿𝑒𝑡 𝑟𝑖  =  1, 𝑠𝑖  =  |𝜁𝑖  |, 𝑀1𝑀2  =  |𝜓𝑖  |, 𝑚1𝑚2  =  |𝜓𝑝| then 
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Theorem 3.7. Let  𝑟𝑖  𝑎𝑛𝑑 𝑠𝑖 , 1 ≤  𝑖 ≤  𝑝  be non negative real numbers with 𝑀1  =  𝑚𝑎𝑥{1≤ 𝑖≤ 𝑝}(𝑟𝑖) , 𝑀2  =

 𝑚𝑎𝑥{1≤ 𝑖≤ 𝑝}(𝑠𝑖), 𝑚1  =  𝑚𝑖𝑛{1≤ 𝑖≤ 𝑝}(𝑟𝑖), 𝑚2  =  𝑚𝑖𝑛{1≤ 𝑖≤ 𝑛}(𝑠𝑖) then by theorem 3.1 of 

 
Theorem 3.8. For a graph G with p vertices, we have 

 
Proof. Consider a graph G with p vertices let |𝜓1| 𝑎𝑛𝑑 |𝜓𝑝| are the maximum and minimum eigen values among 

all |𝜓𝑖|’𝑠 of  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅) respectively. From theorem 3.7, 

 
𝐿𝑒𝑡  𝑟𝑖  =  1, 𝑠𝑖  = | 𝜓𝑖  |, 𝑀1 𝑀2  =|𝜓𝑖  | , 𝑚1 𝑚2  = | 𝜓𝑝 |, then 

 
Theorem 3.9. Let 𝑟𝑖  𝑎𝑛𝑑 𝑠𝑖 , 1 ≤  𝑖 ≤  𝑝 be positive real numbers, then by [13] 

 
where a, b, A and B are real constants, that for each 𝑖, 1 ≤  𝑖 ≤  𝑝, 𝑎 ≤  𝑎𝑖 ≤  𝐴 

𝑎𝑛𝑑 𝑏 ≤  𝑏𝑖 ≤  𝐵. Further,  
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Theorem 3.10. For a graph G with p vertices, we have 

 
Proof. Consider a graph G with p vertices 𝑙𝑒𝑡 |𝜓1| 𝑎𝑛𝑑 |𝜓𝑝| are the maximum and minimum eigen values among 

𝑎𝑙𝑙 |𝜓𝑖|′𝑠 of  
𝑆𝑆𝐷

𝑑𝑖𝑎𝑚
(𝐺̅)  respectively. 

From theorem 3.9, 

 
4. Square sum degree divided by diameter ma-trix of some complement graphs and its en-ergy. 

 

Theorem 4.1. Let Cp, p ≥ 4 be the complement of cycle ,then 

 
Proof. The complement of cycle Cp has its sum degree divided by diameter matrix as follows, 

  

The characteristic polynomial is, 
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Theorem 4.2. Let Sp, p ≥ 3 be the complement of crown graph with 2p ver-tices, then 

 
Proof. The complement of crown graph Sp with p vertices has its sum degree divided by diameter matrix as 

follows, 

 
Its characteristic polynomial is 

 
Theorem 4.3. Let Kp,p be the complement of double star graph with p vertices, 
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Its characteristic polynomial is 
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